The fractal structure of the Ising model at the critical point Tc is studied in the present paper. The fractal dimensionality D of the total magnetization at Tc was estimated numerically as D = 1.86 ±O.Ol for the two-dimensional square lattice and D=2.46±O.Ol for the three-dimensional simple cubic lattice by Monte Carlo simulations. These values agree very well with the value D=1.875 obtained from the exact critical exponents and D=2.48 obtained from the known critical exponents, repectively, through the relation D=d-fJ/v=(d+r/v)/2. This fractalness yields the hyperscaling relation dv=2fJ+r. It was also observed how the fractal nature of the relevant system disappears as the system deviates from the critical point. The dimensionality d of the relevant lattice is observed at temperatures lower than Tc and the random percolation value d/2 at higher temperatures. § 1. Introduction
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Many studies have been made for the critical phenomena using the droplet or cluster pictures and from a viewpoint of percolation problems.
1H3 )
They are based not on configurations as a whole but on clusters in the configurations. The success of the renormalization group method 14H7 ) suggests that the self-similarity can be studied more directly by looking at the configurations. The concept of fractals for self-similar systems was proposed by Mandelbrot. 18 ) He and others studied critical phenomena on fractal lattices and revealed some important relations between fractal dimensions of a lattice and critical phenomena on it. 19 ), 20) One of the present authors (M.S,)Zl) discussed the relation between critical phenomena and the fractal nature of each configuration at the critical point. His argument is briefly reviewed in the following.
If the largest cluster of the relevant configuration has the volume LD (where L denotes the size of the system) at the critical point, the following two relations can be derived with the use of the finite size scaling:
(Here, d, /3, r and v denote the dimensionality of the system, and critical exponents of magnetization, susceptibility and correlation length, respectively). These relations yield automatically the hyperscaling relation dv = 2/3 + r. In this argument, he expected that the magnetization at the ordered phase ( T < Tc) was connected with the percolated clusters at the transition point (T = Tc).
N ow we have discovered here a new theory 'stimulated by the above mentioned intuitive argument. In our theory, the fractal dimensionality D is defined using the magnetization of the system and the same argument as Suzuki's original argument leads us to the hyperscaling. The details of our theory will be explained in the succeeding sections.
The hyperscaling relation is essential to understand the non-classical behavior of the system. Therefore to clarify many aspects of the hyperscaling relation is fundamental in the study of critical phenomena and field theory. Our new theory reveals some important aspect of the hyperscaling.
Another aspect of the non-classical behavior is recently studied by the CAM (Coherent Anomaly Method) theory.24)-26) This theory is powerful to extract the non-classical behavior of the system from systematic mean-field approximations. There may be some important relations between the intrinsically divergent part of a response function obtained by the CAM theory and the fractal nature of configurations obtained by our theory.
We have confirmed the fractalness of the two-and three-dimensional Ising models at the critical point without directly referring to the distribution of clusters. Our method is an extension of the cluster approaches. 1H2 ) It has some theoretical and practical advantages (which will be shown in the succeeding sections) compared with the cluster approaches, because it is directly connected with the microscopic Hamiltonian through the magnetization of the configuration and it is easy to test this by Monte Carlo simulations. It has an analogy to the real space renormalization group transformation and the Monte Carlo renormalization group method. § 2. Fractal nature of each configuration
In the present paper we verify the following conjecture: In the two-and threedimensional Ising models at the critical point, the magnetization of each configuration which has appreciable Boltzmann probability shows a power law behavior with respect to L, the linear size of the system, i.e., M(L) ~ LD under the majority rule scale transformation. This conjecture insists the fractalness of each configuration. Each configuration of the system with linear size L is mapped to another configuration of the corresponding size Lib system by the scale transformation with scale factor b. At the critical point the emergence probability, or Boltzmann probability is also correctly mapped, because the critical point of the' Ising model is a fixed point of this scale transformation in the renormalization group scheme. Therefore, the magnetization of the original system is proportional to L D and that of the scaled system to (Llb)D. This expresses the very fractalness of each configuration.
This conjecture yields the hyperscaling. If we assume this conjecture, the total magnetization Mlal of the configuration of the relevant system with linear size L, which is important to statistical average, is proportional to LD. When the finite size scaling argumene 2 ),23) is applied, the statistical average <m> of the magnetization per
D=d-/JI)) .
On the other hand, the· susceptibility per site, X, is 
at temperatures higher than the critical point. Therefore we obtain
If we eliminate the parameter D from (2·1) and (2·2), then we obtain the hyperscaling relation dv=2(3 + r. Detailed studies on the violation of the hyperscaling relation in the case d > 4 will be reported in the near future.
We have examined the above-mentioned conjecture using the Monte Carlo sampling method. Obtained configurations are used to measure the fractal dimensionality D at and near the critical point. The details of the simulation are given in the next section. If the relevant system is really scale-invariant, the dimensionality D is constant irrespective of the scale factor used in the scale transformation.
Our scale transformation is constructed by the ordinary majority rule or the block counting method. This transformation removes, from the configuration, the clusters which are smaller than the scale used by the transformation. Thus our theory may include the ordinary cluster theories of critical phenomena 1 )-12) which are too phenomenological to be explained by the principles of statistical mechanics. Our theory is easier to be treated with first principles, because it is formulated using the total magnetization of the system and it is theoretically and numerically easier to treat the total magnetization than clusters in the system. § 3. Test of the conjecture by the Monte Carlo method Our procedure is summarized as follows. First configurations are generated by Monte Carlo simulations. If one continues an enough number of Monte Carlo steps, the obtained distribution of configurations follows the equilibrium distribution. Second using the scale transformation, the fractal dimensionality of the relevant system is measured with many scales.
The definition of the fractal dimensionality D is given by
where Mtot(x) is the total magnetization of the configuration which is obtained by the scale transformation with scale x from the original configuration. If the linear size of the original configuration is L, Mtot(b) is the total magnetization of one of the configurations of the system whose linear size is Lib, while Mtot(1) is the total magnetization of the original configuration. One may suspect that the D defined by (3'1) may be accompanied with the effect of the transient effect, because fractal objects often have their own scale regions in which the system displays scale-invariant character. 27 ) In our cases, however, if the original system is at the critical point, the scale-transfo rmed system is also at the critical point, because the critical point of the Ising model is a fixed point of the scale transformati on in a renormalizat ion group sense. Then there is no reason for the appearance of transient fractalness, as far as the scale used in the transformati on is small compared with the system size. The existence of the infrared cutoff (the system size) can produce some effects on the fractal behavior. Therefore the definition (3 ·1) is appropriate for our purpose.
If each spin in the system takes the + 1 or -1 state randomly, the D defined by (3·1) is d/2 as shown in the Appendix where d is the dimensionali ty of the relevant lattice. In this case, the short-range correlation can make some transient behavior of D(b) . This is irrelevant to the present work, because we are not so much interested in the case in which the temperature is not the critcal point.
At temperatures higher than the critical point, such a random situation is expected to occur. If the scale factor b is large enough,
At temperatures lower than the critical point, D(b) will approach d if b is large enough, because the system is in the ordered state.
Just at the critical point, D( b) is expected to be equal to
. Results
We have examined the fractalness of the two-and three-dimens ional Ising models on square and simple cubic lattices with cyclic boundary conditions in all directions. Our Monte Carlo algorithm was the Metropolis method.
)
Simulations were performed on the HIT AC S810 model 20 at the Computer Center of University of . Tokyo. Figure 1 is one of the configuration s of the 1024 x 1024 Ising system at the Ising system at the K=K c =0.4407 is shown. Up-spin sites are displayed by black dots. One can observe a self-similar structure.
critical point. This figure displays selfsimilarity or fractalness. This fractalness is the fractal property of the magnetizatio n. It should be remarked that only the up (or down) sites of the relevant configuration (for example, black or white sites in Fig. 1 ) do not
but we get d instead of D by the majority rule scale transformati on, which was explicitly confirmed numerically in the two-dimensio nal case.
Two-dimensio nal case
In this case, we have studied not only at the critical point, but also at other temperatures around the critical point. The system studied here was the 64 x 64 square lattice Ising model with - where K is Ilks T, ks is the Boltzmann constant, T is the temperature and I is defined by the following Hamiltonian of the system:
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The result is shown in Fig. 2 . From this figure, the behavior described in (4 -I) is clearly observed.
The feature of the system at the critical point is given in the following. Figure  3 shows the behavior of the magnetization at the critical point with increase of Monte Carlo steps. Most of the configurations have such values of the magnetization as are near the maximum in magnitude. The distribution of this magnetization is given in Fig. 4 . (The magnetization distribution of finite systems was also studied by Binder.
29 ») Figure 5 shows the correlation function of the system of 64 X 64 at the critical point. From this figure, we can observe that the system recovers the Euclidean rotational symmetry (i.e., 0(2)) at the critical point. The first five points along the lattice axis yield . Fig. 3 . The time evolution of the magnetization per spin is shown for the 64 x 64 system at the critical point. Configurations with either positive or negative magnetizations are dominant, and those with zero magnetization are scarce.
.'. . . during their Monte Carlo renormalization calculations. The reason why D reaches its equilibrium value so rapidly is understood by noting that there are so many blocks that their average has little fluctuation.
Three-dimensional case
In the three-dimensional case, we have studied only at Te. In this case, we have used the Monte Carlo renormalization value Ke=0.222 as the critical point of the system. The expected fractal dimensionality is estimated by the results of two-different theories. The fractal dimensionality D is estimated to be 2.480 ±0.007 from the high temperature expansion 32 ) and 2.485 ± 0.004 from the field theoretic calculation. 33 ) We estimated D from the first 50 Monte Carlo steps with the all-up initial state. The used scale is b=3 and the system size is 64 x 64 x 64. The result is given in Fig. 8 Our argument yields automatically the hyperscaling relation dv=2(J+ y. Therefore in the Ising case, its validity must be limited to the dimensions less than or equal to four. 35) The four-dimensional case is marginal. The hyperscaling is the result of our fractal nature of the configurations. Therefore in dimensions higher than four, this fractalness should disappear. The detailed analysis of this problem will be published in the near future. In the present paper, we have established the relation between the fractal and critical phenomena. We have confirmed an extended version of Suzuki's conjecture in the case of two-and three-dimensional square and simple cubic lattice Ising models. 
